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A B S T R A C T

Topologically interlocking material (TIM) systems offer adjustable bending stiffness controlled by external
pre-stress, as shown in previous studies. This study focuses on a specific TIM system comprised of truncated
tetrahedral particles interconnected via tensioned wires. The fabrication process involves weaving nylon wires
through 3D printed truncated tetrahedrons that have longitudinal and latitudinal through-holes. By varying
the tension applied to the wires, one can systematically control the overall bending stiffness of the TIM system.
We change the surface friction and the contact angle between adjacent particles at a fixed wire tension, to
study experimentally how they affect the system’s bending response. We inform experiments with Level Set
Discrete Element Method (LS-DEM) simulations, to correlate surface friction and contact area changes with
the system’s bending modulus. The numerical model is shown to be predictive and could be used in the future
to evaluate designs of TIMs.
. Introduction

The demand for materials with adjustable physical properties and
he ability to respond rapidly to environmental stimuli has been grow-
ng [1]. In particular, fabrics with adaptable or tunable stiffness are
pplicable for use in soft robotics, shape morphing structures, and
earable devices [2–4]. For example, tunable fabrics can find use

n wearable medical devices, like exoskeletons, haptic systems, and
econfigurable medical supports [5–7]. At larger scales, applications of
unable fabrics include transportable and reconfigurable architectures,
hich transition from a compact and flexible state to a deployed and

igid state [8,9].
Incorporating interlocking particles in fabrics opens up the possibil-

ty to incorporate added structural support and adjustable mechanical
roperties [10–13]. The mechanical behavior of such structured fabrics
r topologically interlocking materials (TIM) is determined by the
haracteristics of their constituents and the topology of their arrange-
ent [11,14–16]. In most architected materials and woven fabrics,

hese mechanical behaviors are determined during the design process
nd remain fixed after the components are fabricated. However, in
ome realizations, the fabric properties can be adjusted through actu-
tion [13,17]. Wang, et al. demonstrated architected fabrics consisting
f chain mail layers with interconnected particles, which demonstrate
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the ability to reversibly and gradually switch between soft and rigid
states [2,16,17]. The control of the fabrics’ stiffness is achieved by
applying pressure at the boundary that jams the particles via vacuum
suction, in a system similar to other structured fabrics [2,4,8]. While
this example demonstrates the ability to create architected fabrics
with tunable properties, the use of vacuum actuation is not practical,
because it requires bulky and energy intensive pumping systems. Using
tensioned fibers or artificial muscles could be a more compact and
power-efficient solution [18].

In this paper, we study the response of a particular TIM system,
consisting of truncated tetrahedral particles connected by woven ten-
sion wires [13,15,16]. Unlike the TIM system that is held solely by
geometric interlocking and external in-plane constraint, which exhibits
a softening stage before the TIM collapses [13], our fabric-TIM system
shows a stiffening response during the indentation tests due to the
gradual increment of anti-separation forces provided by the wires. The
connecting wires facilitate the tunability of the bending modulus in
response to adjustable applied tension, as demonstrated in Fig. 1c and
d [16,17]. Additionally, they enable the formation of various flexible
shapes while keeping the TIM structure intact. To better understand the
fundamental mechanisms governing the tunability of the TIM system’s
apparent bending stiffness, we explore the role of contact angle and
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Fig. 1. (a) Schematic of a basic building block (particle) in the shape of a truncated tetrahedron [10], with dihedral angle, 𝜃, between the truncating surface and the side surface
of particle; (b) Schematic of particles inter-connected by post-tensioned wires; (c) Unactuated, soft state of the sample; (d) Actuated, stiff state of the sample; (e–f) Samples made
by particles with 𝜃 = 60◦, 70◦ and 90◦; Samples shown in (e) are made by Vero White, with a measured friction coefficient of 0.2; samples shown in (f) are made by Nylon
Polyamide 12, with a measured friction coefficient of 0.6.
contact friction at a fixed applied wire tension, using experiments and
numerical simulations.

2. Design and fabrication of the topologically interlocking mate-
rials

There are various designs of TIMs. Dyskin, et al. [10] used tetra-
hedral solids to form layer-like structures that are interlocked topo-
logically. Molotnikov, et al. [17] constructed TIM systems made of
osteomorphic blocks embedded with shape memory alloy wires that can
alter the TIM’s flexural stiffness when activated. Siegmund et al. [16]
created TIM systems using truncated tetrahedron blocks integrated
with internal constraint fibers or woven tow material, demonstrating
interlocking systems confined by passive elements.

Tetrahedrons are the simplest platonic solid, and all platonic solids
can be arranged into layer-like structures in which they are interlocked
topologically [19]. Additionally, trapezoidal particles are known for
their substantial contact surfaces [12] and have extensive applica-
tions in architected materials to enhance mechanical performance [20].
Drawing inspiration from the previous references, we study a classic
system of a TIM assembled with truncated tetrahedron particles as
the basic building blocks (Fig. 1a). Using truncated tetrahedrons, as
opposed to osteomorphic blocks, allows us to systematically change
a single parameter, such as dihedral angle, to dictate the amount of
interlocking. Moreover, since truncated tetrahedrons do not completely
fit into each other, the relaxed state is more flexible and similar to
a fabric. Inspired by Siegmund et al. [16], we design the particles
with longitudinal and latitudinal through-holes. We use nylon wires
to weave through each discrete particle and interconnect them, as
depicted in Fig. 1b. To actuate the fabrics, we apply different levels of
tension to the wires and thereby jam the particles with their neighbors
to form an interlocked state (Fig. 1c–d). The combined outer surface
of the truncated tetrahedrons upon post-tensioning is a flat plane.
The resulting assemblies possess geometric contact and interlocking
periodicity.

A series of TIMs were produced by varying two different particle
parameters: the particle’s dihedral angles, 𝜃 (Fig. 1a) and their surface
friction. The particles were fabricated with three different dihedral
angles, 60◦, 70◦ and 90◦, where the latter is simply a prism geometry
with no geometric interlocking. To vary the surface friction, we 3D-
printed the particles using two different materials of similar stiffness:
Vero White (VW) using an Objet Stratasys Connex 500, and Nylon
Polyamide 12 (PA12) using a Sintratec SLS 3D printer. Particles were
cleaned by removing the outer support material. The Vero White parti-
cles were additionally cleaned in a 2 percent aqueous solution of NaOH
to remove the remaining support material. The coefficients of friction
were determined experimentally after the particles had been cleaned,
using sliding friction tests. The resulting surface friction coefficients
2

were measured to be 0.2 and 0.6, respectively. The particles were
then woven together with 0.3 mm diameter nylon wire. The system
is subsequently actuated with a small motor (28BYJ-48 Stepper Motor)
that controls the amount of wire tension and therefore jamming the
particles. A custom-designed fixture was 3D-printed for the motor
housing and tensioning mechanism with sufficient clearance space for
the tension meter (Checkline ETB-2000). The tension should attain the
predetermined threshold, ensuring that the wire remains within the
elastic range during the testing phase. The tension meter was used to
gauge the tension and determine whether to incrementally increase the
tension by spinning the motor. Once the desired average tension was
achieved in the wires, the tension was secured with clamp beads to
hold the wire in place. Then the woven sample was removed from the
fixture with the motor.

3. Simulations

For a more systematic analysis of the TIM fabrics’ behavior as a
function of particle’s geometry and constituent material properties, a
reliable and validated numerical model is necessary. Level Set Discrete
Element Method (LS-DEM) is used to model the physical experiment.
LS-DEM is a variant of the traditional Discrete Element Method (DEM)
allowing arbitrary object shapes. Originally developed for granular
applications [21,22], LS-DEM has recently been adapted to study the
structural behaviors of multi-block structures [23,24], and the struc-
tural analysis of TIM, showing satisfactory results in capturing the
slip-governed failure [25,26] and the deflection limit [27] of the slab-
like TIM. LS-DEM uses level set functions as the geometric basis, which
calculates the signed distance 𝜙 from any arbitrary point in the space
to the nearest surface of the grain. For example, in this work, a cross-
sectional slice of a basic building block, which is the shape of a
truncated tetrahedron, is a trapezoid in 2D, as shown in Fig. 2a. The
surface of the building block, or particle, can be reconstructed by 𝜙 = 0.
We impose a set of surface nodes with uniform discretization size onto
each particle (Fig. 2b). When checking potential particle contact, we
take the position of each surface node 𝐱 of one particle and check
the corresponding level set value from another neighboring particle.
If 𝜙(𝐱) ≤ 0, then contact exists between this pair of particles.

Given the discrete nature of the woven-connected particles, LS-DEM
is capable of extracting particle-scale information at micro-mechanical
level, thus providing insight into how friction and contacts between
particles affect the macroscopic property such as sample bending stiff-
ness. Furthermore, the use of level set function provides flexibility in
particle shape control, allowing us to easily simulate different particle
shapes and investigate the combined geometric shape effects to the
sample’s overall behavior. The use of LS-DEM is also computationally
efficient compared to other simulation methods such as finite ele-
ment method (FEM) for potential simulations of large ensembles of
particles [28].
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Fig. 2. (a) Illustration of the level set matrix of a slice of the truncated tetrahedron;
(b) The particle is reconstructed by surfaces with 𝜙 = 0; the imposed surface nodes are
shown in blue dots; (c) Illustration of a pair of neighboring particles, connected by a
massless spring with stiffness �̄� and elongation 𝑑; (d) Illustration of the sample under
post-tensioning force 𝑇BC. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

We use point forces acting on the boundary particles 𝑇BC to model
the post-tensioning effect of the wires (Fig. 2d). On top of that, we use
massless springs connecting the face center of the side of each particle
to the face center of the side of its neighbors (Fig. 2c). The neutral
position of the spring is at a distance 𝑑 = 0. The springs connecting
neighboring particles can only exert tensile forces on the connected
particles. When two neighboring particles are separated, the wire force
𝑇wire is calculated as

𝑇wire = �̄�𝑑 (1)

where �̄� is the stiffness of the spring and is calibrated to match the
experimental result of an uniaxial tension test carried out on a single
woven wire.

4. Mechanical characterizations

In order to experimentally investigate the macroscopic properties of
the sample under various particle geometries and material properties,
displacement-controlled three-point bending tests were performed with
an Instron E3000 Mechanical Testing Machine (Fig. 3a). The indenter
had a set loading rate of 0.5 mm s−1. To ensure that the TIM systems
deform within their components’ elastic limits, we imposed a maximum
indentation depth of 5 mm. This indentation depth was determined
by performing three-point bending tests on 3D-printed slabs of the
same material with the same fabric sample dimensions. Tests show no
yielding behavior within 5 mm. This indentation depth also guarantees
that the wire remains within its elastic limit, confirmed by independent
tensile tests on the wire, aligning with the assumption made in Eq. (1).

To compare the bending performance of the different fabrics, we
define an apparent elastic bending modulus, 𝐸∗, as [2]:

𝐸∗ = 𝐾𝐿3

4𝑏ℎ3
. (2)

Here, 𝐾 is the stiffness of the initial linear regime of the force–
displacement plot obtained from the test machine, 𝐿 is the support
span, 𝑏 is the width of the sample, and ℎ is the thickness of the sample
before testing.

We study the role of friction and particle’s shape on the overall fab-
ric’s behavior, comparing the apparent bending moduli values extracted
from the experiments. Fig. 3b shows an overview of the bending mod-
ulus calculated from Fig. 3c–d using Eq. (2). Both increasing surface
irregularities (i.e., friction between particles) and geometric interlock-
ing have a positive correlation with the bending modulus. Samples
made with PA12, resulting in a higher surface friction coefficient (𝜇 =
3

0.6) than those made with Vero White (VW) (𝜇 = 0.2), exhibit almost
twice as much bending modulus as VW samples of the same particle ge-
ometry. Fig. 3c–d show the force–displacement plot for VW samples and
PA12 samples accordingly. The force–displacement curves obtained
from the three-point bending tests show an initially linear regime at
small indentation depths, primarily due to the elastic response of the
wire while the particles spread out. However, as the displacement
increases, a nonlinear response is observed, most likely because of
frictional sliding and local rearrangement of the particles within the
system. Comparing the force–displacement plot within samples of the
same material (Fig. 3c–d), we see that particles with smaller dihedral
angle 𝜃, which result in higher interlocking upon post-tensioning, show
higher stiffness. If we compare samples of same particle geometry but
made with different materials, samples with higher surface friction
show higher stiffness.

To construct the numerical model, we first construct the particles
using level set functions and surface nodes (Fig. 2a–b). We then arrange
and post-tension the particles (Fig. 2c–d), as described in Simulations
section. To simulate the testing setup, we construct a 1:1 model of
the experiment apparatus using the same level set technique (see
Appendix). We then move the indenter downward at a constant loading
rate. In the experiments, though the fabrics samples are prepared and
post-tensioned according to the same procedure, there is no way to
explicitly measure the slack of wires introduced during fabrication,
and consequently it is not possible to know the exact tensile forces,
𝑇BC, exerted by the wires on all particles. Therefore, we adjust the
boundary force 𝑇BC in the bending simulation of the 70◦ VW sample
until the simulated apparent bending modulus 𝐸∗ matches with that of
the corresponding experiment. To ensure consistency and uniformity,
we then apply the same calibrated boundary force to the remaining
five simulations (60◦ and 90◦ VW samples, as well as 60◦, 70◦ and 90◦

PA12 samples).
As depicted in Fig. 4, the resulting calibrated numerical model

exhibits good agreement with experimental data regarding the apparent
bending modulus 𝐸∗. In Fig. 4a, we show that as the friction coefficient
reaches larger values (>∼0.3), the bending modulus of the samples
does not increase as much, particularly for the samples with the least
geometric interlocking (rectangular prism particles). As expected, in
samples with more interlocked particles, the modulus increases more
rapidly with increasing friction coefficient. For the 90◦ prism particles,
the interwoven wire and friction between neighboring particles are the
main factors that counteract out-of-plane deflection. With more inter-
locked particles (60◦ prism particles), however, not only friction and
the wire, but also geometric constraints are collectively counteracting
the out-of-plane deflection.

In order to analyze how geometry affects the modulus, we simulate
the bending tests of samples made by 7 other particles of different
degrees of geometric interlocking. Wang et al. [2] reported a quadratic
law relating average particle contact number to the apparent bending
modulus. In this work, since all particles are generated with surface
nodes of uniform discretization size, the contact number per particle
upon contact directly translates to contact area between the contacting
neighboring particles. Since we are assuming a small indentation depth,
we estimate the contact area to be the maximum area of the side surface
of a truncated tetrahedron in contact with its neighbor at initial config-
uration before indentation, which is one trapezoid overlapped with a
flipped trapezoid, or a hexagon. We plot the bending modulus against
the normalized contact area projected onto the horizontal plane. Since
the horizontal plane is directly perpendicular to the indenting direction,
the projected horizontal contact area acts as the effective contact
area for the solid material to counteract the indentation force. From
Fig. 4b, we see that the bending modulus scales almost linearly with the
horizontally projected contact area. The dihedral angle 𝜃 scales inverse-
linearly with the bending modulus, due to the fact that particles with

larger 𝜃 have smaller horizontal projected contact areas. From Fig. 4b
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Fig. 3. (a) The three-point bending test setup with sample; (b) Apparent bending modulus of the different samples, fabricated with 2 different constitutive materials (Vero White
and PA12) and three different dihedral angles (𝜃 = 60◦, 70◦ and 90◦); (c) Force–displacement plots of the Vero White samples; (d) Force–displacement plot of the PA12 samples.
In (c) and (d), for each sample, a total of five experiments are performed. The solid lines represent the average force–displacement behavior, and the shaded regions show the
standard deviation over five experiments.

Fig. 4. Comparison of experiments and numerical simulations. (a) Simulated bending modulus of samples consisted of particles with 𝜃 = 60◦, 70◦ and 90◦ across different friction
coefficient, from 0.2 to 0.9. For each particle shape at each friction coefficient, five simulations are run. For each run, noise is introduced to the initial particle position, particle
orientation and boundary force 𝑇BC. The solid line represents the average modulus, while the shaded regions show the standard deviation across five runs. Experiment results
obtained from VW (𝜇 = 0.2) and PA12 (𝜇 = 0.6) samples are marked by green and orange respectively; (b) Simulated bending modulus vs. normalized contact area in horizontal
projection with particles from 𝜃 = 45◦ to 𝜃 = 90◦ with 5◦ increments. The projected contact area is calculated based on the initial configuration of the particle orientation, and is
normalized by the area of the 45◦ particle.
Inset: simulated bending modulus vs. 𝜃. Similar to (a), five simulations are run for each particle shape and noise is introduced in the initial state of each simulation. Experiment
results from PA12 are marked in orange. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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and the additional inset figure, we see that particle geometry is a crucial
factor in contributing to the bending modulus.

In contrast to [2], which exhibited a power law relationship, we
find an approximately linear scaling between the projected horizontal
contact area and the bending stiffness in our samples. We attribute this
difference to the presence of the woven wires, which make the samples
with less geometric interlocking rely more on elastic wire forces. During
indentation, the wires in samples made from the rectangular prism
particles are expected to be stretched more compared to samples made
from the 45◦-particles. This indicates that the wires may exert increased
nti-separation forces within the 90◦-particle TIMs in contrast to the
ther particles that can rely on greater geometric interlocking.

. Conclusion

In this paper, we study the role of particles’ geometry and inter-
article friction in the bending response of TIM systems consisting
f truncated tetrahedron particles woven together with nylon wires.
e fabricate samples with particles of varying interlocking contact

ngles and surface friction. In post-tensioned state, we find that both
igh friction and large horizontally projected contact area between
he neighboring particles contribute positively to the resulting sample
ending resistance. The positive effect of friction to bending stiffness
iminishes as friction coefficient increases. The projected horizontal
ontact area positively contributes to the bending modulus at a linear
ate.

The TIM is a complex system with many factors at play. Besides
he friction and geometric interlocking, sample thickness and external
ost-stress also have profound effects on bending response. In order to
solate the effect of friction and geometry, we keep the sample thickness
nd post-stress consistent throughout all experiments and simulations.
ore comprehensive study on the combined effect of all factors should

e investigated in future work.
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the work reported in this paper.
Table A.1
Model parameters.

Parameter Value Units

Normal particle stiffness 𝑘n 2 MN/m
Shear particle stiffness 𝑘s 2 MN/m
Wire stiffness �̄� 720 N/m
Friction coefficient 𝜇 {0.2,0.3,. . . ,0.9} –
Time-step 𝛥𝑡 5.6e−7 s
Coefficient of restitution 𝐶res 0.5 –

Data availability

Data will be made available on request.
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Appendix. Numerical model setup

Truncated tetrahedron particles are characterized by a level set grid
of 2 mm/voxel. The surface nodes are discretized with a surface density
of 230 points/cm2. The contact mechanism of a pair of penetrating
neighboring particles are estimated by visco-elastic models composed
of linear springs and viscous dampers. The linear springs have normal
and shear stiffnesses 𝑘n and 𝑘s. The choice of these parameters takes
into account factors considering material modulus and TIM arrange-
ments, ensuring no excessive overlap between contacting particles [25].
We assume the stiffnesses of the particles made of two materials are
comparable. The viscous dampers have normal damping coefficient 𝛾𝑛
estimated based on coefficient of restitution 𝐶res [29] by

𝛾𝑛 = 2
√

𝑚𝑘n
− ln𝐶res

√

𝜋2 + ln𝐶res
2
. (A.1)

where 𝑚 is the mass of the particles. LS-DEM uses an explicit time
integration scheme. The critical time-step is estimated by [30]

𝛥𝑡 = 0.4

√

2𝑚
5𝑘s

, (A.2)

The wire stiffness �̄� is calibrated to match the experimental result of
a single woven wire in an uniaxial tension test. The set of parameters
used in this work is documented in Table A.1.

We construct a 1:1 numerical model for the testing apparatus
(Fig. A.5) with the same level set grid density and surface discretization
density. The indenter and the two supports have the same dimension
as the actual experimental test machine. The two supports are placed
6 cm apart, same as the experiment. After the numerical TIM sample
has been post-tensioned, we allow the sample to settle onto the supports
by gravity. We then move the indenter downward at a constant speed.
Since we have a small time-step of 𝛥𝑡 = 5.6 × 10−7 s for numerical
stability, we apply a global damping parameter of 1 × 10−4∕𝛥𝑡 s−1

to ensure quasi-static conditions and to avoid excessive computation
time [21].
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Fig. A.5. Numerical test apparatus.
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